Abstract. We give a simple derivation of the general-relativistic formula for the two-way Doppler tracking of a spacecraft in a Friedmann-Lemaître-RobertsonWalker (FLRW) spacetime. The so-determined acceleration of the spacecraft is shown to exceed the Newtonian acceleration by Hc/2.
Introduction
The analysis of the radio Doppler tracking data from the Pioneer 10 and Pioneer 11 spacecrafts yield an anomalous inward pointing acceleration of magnitude 8.5 × 10 −10 m/s 2 ; see [1] and [2] . This magnitude is comparable to Hc = 7 × 10 −10 m/s 2 , where we set H = 72 km/s·Mpc (see [3] for recent figures). This somewhat surprising coincidence invited speculations as to a possible cosmological origin of the Pioneer Anomaly. Whereas there seems to be no disagreement over the absence of a genuine dynamical influence of cosmological expansion on Solar System dynamics, opinions on possible kinematical effects are less unanimous. Some even seem to claim that the Pioneer Anomaly can be fully accounted for by such effects [4] . For a critical discussion, see [5] .
Note that all these speculations rest on the assumption that the cosmological expansion extends into the small region occupied by our Solar System, i.e. that the expansion is not inhibited by local inhomogeneities of mass abundance, like that given by our Galaxy and further our Solar System. That assumption is almost certainly invalid, though it must also be admitted that the problem of how one should model local inhomogeneities in FLRW cosmologies has still not received a final answer (see [5] for further discussion and references).
Our modest aim here is to point out that if one assumes an expanding FLRW spacetime, then there is indeed a discrepancy of the said order of magnitude between the acceleration that one measures by means of two-way Doppler tracking on one hand, and the Newtonian acceleration (relative to the local inertial system) on the other. It is given by Hc/2 and outwardly pointed, that is, oppositely to the direction of the Pioneer Anomaly. This discrepancy is an immediate consequence of the twoway Doppler tracking formula which, strange enough, does not seem to be used in a systematic fashion in the mentioned discussions. Hence we start by giving a simple derivation of it.
Basic kinematical definitions
Let (M, g, ∇) represent spacetime, where M is a four-dimensional ‡ manifold (spaceand time-orientable) with Lorentzian metric g and Levi-Civita connection ∇. We adopt the "mostly minus" signature convention where the restriction of g to spacelike directions is negative definite. We use units in which c = 1. For a vector in the tangent space T p M of M at p ∈ M we define v p := |g(v, v) p |. A normalized vector is one for which v = 1.
An observer is represented by a timelike (smooth) curve in M which w.l.o.g. we think of as being parameterized with respect to arc length and future-directed. By an observer at p ∈ M we understand a timelike future-pointing normalized vector in T p M. An observer field is a timelike future-pointing normalized vector field on some open subset of M. Let p be a point in M and u an observer at p. We define two projectors on T p M by Q u := u ⊗ u ♭ , and P u := id − Q u , where u ♭ := g(u, ·) is the one-form corresponding to u via g. We recall that the projection properties are: P and Q are self-adjoint w.r.t. g, Q 2 = Q, P 2 = P , P Q = QP = 0, and P + Q = id. The local rest space of u at p is then defined as R u (p) := P u (T p M). It locally represents the directions of the events that are Einstein-synchronized with the observer u at p.
The above projectors can be naturally extended to general tensor fields in the standard way (e.g. for 1-forms one defines P ω := ω • P ), which we will denote by the same symbols. A tensor field T is called spatial w.r.t. u (at p) iff P u T = T (at p). Given an observer u at p we split g into two degenerate, positive semi-definite metrics
which measure eigentime-and eigenspace-intervals with respect to u. Let now u and v be two observers at p. The modulus of the spatial velocity of v relative to u at p is given by
Analogously, given a unit vector e in the rest space of u (i.e. P u e = e and e = 1), the spatial velocity of v relative to u at p in direction e is given by
Notice that the modulus of the spatial velocity of v relative to u equals that of u relative to v. (Recall that the former velocity is measured with clocks and rods at rest w.r.t. u and represented by a vector in R u (p), whereas the latter is measured with clocks and rods at rest w.r.t. v and represented by a vector in
is just the "gamma-factor" familiar from Special Relativity.
Light rays
Consider the propagation of a monochromatic electromagnetic wave. In the geometricoptics approximation (i.e. for wave-lengths negligibly small w.r.t. a typical radius ‡ Actually, all formal considerations that follow are independent of the dimension of spacetime.
of curvature of the spacetime and w.r.t. a typical length over which amplitude, polarization, and frequency vary) it propagates along a lightlike geodesic, along which the wave-vector field, k, obeys g(k, k) = 0 and ∇ k k = 0.
An observer u at p who receives a light signal with wave vector k measures the frequency
Likewise, a second observer v at p will measure the frequency ω
The relation between the two measurements is easily computed using (3) and (4):
wherek := P u k/ P u k is the normalized vector in the rest space of u at p that points in the direction of the light propagation. This is nothing but the general Doppler formula.
Let the observer v at p carry a mirror (meaning that the mirror is at rest w.r.t. v) that is used to reflect back the light ray. This means that the frequency, as measured by v, does not change whereas the spatial projection of the wave vector k changes sign. In short, the process of reflection is given by
Another observer, say u, at p will see a frequency shift according to
as one can compute from (7), (6), and (3). Notice that here and henceforth the wave vector k that definesk at the reflection point p refers to k just before reflection.
Two-way Doppler tracking in a cosmological spacetime
We consider a FLRW cosmological model, given by the metric
together with the geodesic cosmological observer-field
In (9) h is a homogeneous and isotropic metric (hence of constant curvature) on the slices of constant cosmological time t. Let k be the wave vector field along a light ray (worldline). The frequency, as measured by the cosmological observers u, will change along the ray according to the well-known cosmological red-shift relation (see e.g. [6] )
where s → λ(s) ∈ M denotes the light path. The two-way Doppler tracking (see figure 1 ) now consists in the exchange of light (radar) signals between us, the observers on Earth who hypothetically move along the cosmological flow of u, and another observer γ (spacecraft). Schematically the tracking involves the following five processes: (i) emission of the signal at p 0 , (ii) propagation from p 0 to p 1 , (iii) reflection at p 1 , (iv) propagation from p 1 to p 2 , and, finally, (v) reception at p 2 . Accordingly, using the cosmological red-shift relation (11) between p 0 and p 1 , the reflection shift (8) at p 1 , and again the cosmological red-shift relation (11) between p 1 and p 2 , one gets
This is the formula for the two-way Doppler tracking in a FLRW spacetime. Up to this point, the only approximation made is that of geometric optics. If the spacecraft moves slowly with respect to the cosmological substrate, meaning β u (v) ≪ 1, and is not too far away, meaning that during the light's round-trip the relative variation of the scale-factor a is small, the formula above can be approximated to first order in these quantities by
Here
pi (k), and H :=ȧ/a is the Hubble parameter evaluated at any time in the interval [t 0 , t 2 ]. We also re-introduced the speed of light, c, and used vk(t 1 ) := c βk u (v) p1 , which is the component along the line-of-sight of the spacecraft's velocity relative to the cosmological substrate at p 1 . Now, tracking a spacecraft by emitting a radar signal with constant frequency ω 0 (t 0 ) = ω 0 , differentiation of (13) w.r.t. the reception time t 2 leads to 1
where ak(t 1 ) := dvk(t 1 )/dt 1 is the line-of-sight component of the spacecraft's spatial acceleration at p 1 relative to u. It is now essential to remark that, since the cosmological substrate u is geodesically moved and hence defines local inertial systems, it is this acceleration relative to u that enters Newton's equation (eventually improved with an appropriated cosmological correction [5] ). In (14) we used that, in the present approximation, H can be considered constant and dt 1 /dt 2 ≈ 1−(t 2 −t 1 )H. The latter follows by differentiating the relation between the reflection time t 1 and the reception time t 2 obtained from the condition that the corresponding spacetime points p 1 and p 2 are connected by a lightlike geodesic. However, this term is negligible compared to Hc/2 as we assume the velocity, and hence the increment ∆vk := ak(t 1 ) (t 2 − t 1 ), to be much smaller than c.
Formula (14) then says that the line-of-sight component a D of the acceleration determined via Doppler tracking exceeds the Newtonian acceleration by Hc/2. This is of the same order of magnitude as the Pioneer Anomaly [1] , though pointing in the opposite (outward) direction.
Let us end by stressing again that this result is valid in a FLRW spacetime, which is certainly not a reasonable approximation for our local inhomogeneous spacetime neighbourhood at galaxy scales and below. Local mass abundances tend to inhibit cosmic expansion and it remains to be discussed in detail to what degree the expansion extends into local mass distributions. For example, the embedding of a single spherically symmetric mass distribution-or black hole-in an otherwise flat expanding FLRW universe can be modelled by the McVittie solution (see [5] and references therein). The Doppler-tracking formula in this spacetime will be discussed elsewhere.
Also, for any eventual application of the above formula to spacecraft tracking one has to take into account the motion of the Earth relative to the cosmological substrate with an additional kinematical factor (6) at the emission and reception points p 0 and p 2 . Moreover in the actual tracking procedure signals are sent back with a fixed frequency translation factor (see e.g. formula (1) in [2] ). This, however, does not affect the Hc/2 term which is a direct consequence of standard cosmological red-shift.
